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ture fluctuations, particularly at lower electron densities.
The typical relaxation length at this velocity is about 2 cm.
The results of computations show that the locus of maximum
current density roughly coincides with that of maximum
electron density, but is shifted slightly (1-2 mm at the gas
velocities considered here) to the side of the maximum elec-
tron temperature. Hence, higher electron density on .the
upstream side of a discharge tends to “pull” the current
streamlines forward, thus partially compensating the velocity-
sweep. At 100 m/sec gas velocity, the current density dis-
tribution remains nearly the same for all three inlet electron
density values (the electron densities are approximately the
same for £ 2 3 cm). The sharp increase of the electron tem-
perature observed in front of the first electrode pair at low
inlet electron densities gradually reduces as the inlet electron
density increases. This phenomenon, i.e., the necessity for
higher electron temperatures at lower electron densities to
carry the same current, has been observed experimentally.

The effect of preionization and gas velocity on the perfor-
mance characteristics of MHD devices can be seen from the
data in Table 1. Here the ratio of average to ideal Faraday
field strength is given for each electrode pair as function of the
preionization level (inlet electron density) and gas veloeity.
Since the current flow through each electrode pair is kept
constant, the ratio (E,)/E,q is a measure of the “local”
(per electrode pair) effective internal resistance of the genera-
tor. The quantities appearing in this table arre defined as
follows: (E,) = (1/H)gfE,dy, Eyia = @)B + {J,)/e:a and
g;q is the nonequilibrium conductivity value defined by the
average current density under ideal conditions (zero losses,
Saha equilibrium, ete.).

As can be seen, at low inlet electron densities the internal
resistance increases monotonically with inecreasing velocity,
but only the first few electrode pairs are affected appreciably
by the velocity changes. Comparing the cases v =~ 0 and
{v) = 440 m/sec (n, = 10'* cm™3), the effective internal re-
sistances differ by a factor of 2.5 at the first electrode pair.
At low gas velocities an inerease of the inlet electron density
has no pronounced effect on the generator performance be-
cause the electrons recombine before they reach the first
electrode pair. Only when the plasma velocity is high enough
and the typical relaxation length exceeds the distance between
the preionizer and the first electrode pair does the effect of a
high inlet electron density become highly pronounced (com-
pare the case v = 500 m/sec, n, = 10'* cm 2 with the others
in Table 1). This can also be seen by comparing the last
electron density distribution of Fig. 2 with Fig. 3: although
at vp = 100 m/sec the electron density first decreases (recom-
bination effect) and then, due to ohmic heat input, increases
again in the region of the first electrode pair, at v = 500 m/
sec it does not succeed in recombining nor in following the
electron temperature fluctuations and remains practically
constant in the entire active zone of the duct. The cor-
responding reduction of the effective internal resistance is
apparent.
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I. Introduction

N applying Kalman filtering theory to real time filtering

problems, it is often found impractical to estimate the
complete state every time a measurement is made. In this
case, one is forced to settle for some form of suboptimal
filtering in which the dimension of the filter state is limited.
If the filtering gains are being computed in real time, this
problem can sometimes be solved by simplifying the model
and perhaps modifying the driving noise and/or the measure-
ment noise to try to compensate in some way for this simpli-
fication. The case considered here is the one in which the
filtering gains are to be precomputed and stored in the com-
puter. No restriction is placed on the method used to per-
form these computations, but there is a restriction on the
number of gains that can be stored.

If the complete state is not being estimated, and one at-
tempts to find a “‘best” set of gains to estimate the partial
state recursively, the performance of the resulting filter can
be very surprising. The purpose of this note is to illustrate
some of these difficulties in the context of a simple example
problem.

II. Statement of the Problem

Consider an aireraft flying towards a landing site at a known
constant velocity. It is desired to estimate the range to go
with radar range measurements that contain errors due to an
unknown scale factor as well as wideband (white) measure-
ment noise. Although the actual measurements, which can be
written as the product of the range and scale factor plus the
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Fig. 1 Comparison of optimum and stagewise optimum
filters.

additive measurement noise, are thus nonlinear, we shall
suppose that the variations in range and scale factor from
their nominal values are sufficiently small to justify a linear-
ized analysis. In this case, the measurements 2; are

s=pi+R+pS+uv, t=12... (1)

where p; = nominal range at time of 7th measurement; a
linearly decreasing function of time, B = the variation in
range (actual range minus nominal range); a constant be-
cause there is no variation in velocity, S = the variation in
scale factor from a nominal value of unity; assumed constant,
and »; = additive measurement noise. Here p; is a known
function and R, S, vy, v, ... are treated as uncorrelated ran-
dom variables with zero mean values and known variances
(08?4 0% and 0,2 = a2 for all 3).

In order to make an optimal estimate of the range at each
measurement time, it is necessary to construct a filter state
which summarizes all of the information obtained from the
prior measurements. In the present case, the state would
consist of two elements, which we can take to be the actual
range and the scale factor error

The optimum (in the sense of minimum mean squared error)
linear estimator of z can then be written in the well known re-
cursive form due to Kalman
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Fig. 2 Comparison of suboptimum point and interval
estimators.
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Zijp = Fspoer + kilze — hiT2ipiy) €Y
where £;;; = best estimate of z; based on all measurements

Po

taken up to time j (e, 2y, .. ., 2;), For0 = [0] = best a priori

estimate of zo, ¥ = known constant approach speed, Af; =
time interval between ¢th and (z — 1)th measurements, and
hi¥ = [1 p;] = measurement sensitivity to z; and where the
optimum two-dimensional gain £; is related to the covariance
matrix P;;;_y of the previous estimation error by

ki = Pijiahi(hiTPyijiah: + 0,21 (5)

The covariance matrix is propagated and updated according
to the equations

Pi/z‘—l = Pi—l/i—l (6)

Pip = (I — kiiT)Pijii — hikesT) + kioo?k:” )
where
Pyy; = cov(lyy)

1:; = £i; — x; = estimation error at time ¢ with j mea-
surements

2
Py = cov(lo) = covize) = I:Ug 0052]

It is to be observed that the resulting filter produces optimum
estimates of both the range and scale factor error at all times.

Motivated by this result, we now seek to reduce the storage
requirements for the gains k; by finding a recursive estimator
for the range (p + R £ y) in the form

Ditict = Gicrpica — AVE 8)
Dire = Garimr + a:(zi — Gipi) 9)

These equations correspond to Eqs. (3) and (4) with the con-
straint that ;7 be of the form [a;,0], in which case the scale
factor error s is always estimated to be zero. The problem is
to choose the scalar gains a; in some best manner where we
note that the variance equation (7) is valid for any choice of
gain k;.

I11. Suboptimal Filters

One “best” method of computing the gains a; when only
range is to be estimated is to compute the optimum two-di-
mensional weighting vector k; as previous [Eq. (5)] and then
set the second element to zero. This choice of k; must also be
used to update P [Eq. (7)]. One can easily verify that this
procedure produces a sequence of optimum single stage esti-
mators in the sense that each a; minimizes the resulting range

200 A:LIMITED STATE STAGEWISE OPTIMUM,I0 sec At
i E:FULL STATE,OPTIMUM, 20 sec At
S50
E L
o
[
[ 4
u
w |
i 100 ﬂj
o | €
z b
m -
50 +
ol -

50 100 150 200
TIME (seconds)

Fig. 3 Comparison of filters for fixed number of gains.
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error variance at time 7. But because y (in contrast to z) is
not a sufficient statistic, one cannot expect that the estimate
Ym/m Obtained after m > 1 measurements, will be the optimum
combination of all these measurements.$ This fact is il-
lustrated in Fig. 1 where the standard deviation in the range
estimation error is plotted vs time for the optimal (2 state
variable) filter and two stagewise optimal (range only) filters
using different measurement intervals. The case considered
was the following one

(200)2, O
0 ,  (0.01)2
initial range = 20,000 ft

velocity = 100 ft/sec

measurement noise variance = (10 ft)?2

initial covariance matrix = [

In addition to the fact that the stagewise optimum filters are
clearly not optimum over-all, it will be observed that during
some periods of time, better results (range only filters) are
obtained with a 10 sec measurement interval than with
a l-sec interval. In other words, during these periods of time,
the extra measurements actually result in worse performance!

As another criterion for choosing the gains a;, we may seek
to minimize the sum of the range error variances over the
entire measurement schedule (a form of optimum interval
estimation). Although this problem is simple to solve when
the cormplete state is being estimated (the solution is the
Kalman filter), an analytical solution for the limited state
problem appears quite difficult to obtain. This optimal pro-
gramming problem, of course, can be solved numerically;
and the results obtained in this way are compared in Fig. 2 to
the stagewise optimum results of Fig. 1 (10 sec measurement
interval). It is noted that the performance of these two
filters is not appreciably different for the particular problem
considered here.

If we now consider the case in which only the terminal un-
certainty is of interest, it is in fact possible to find a set of
scalar gains a; that will produce an over-all optimum esti-
mate of the range at the terminal time. The reason for this is
that, according to Eqs. (8) and (9), ym/= can be selected as an
arbitrarily weighted combination of all the m measurements.
The measurement weights, or equivalently, the gains a;, thus
can be chosen to produce the same terminal estimate of y as
the optimum 2 state variable filter. Although this scheme
could be implemented using the same recursive form as used
for the previous schemes, it is important to realize that the
intermediate values obtained are simply intermediate values
in the estimation of the terminal range and are not useful esti-
mates of the range at intermediate times. In fact, one can
often do better by taking y;;; = yi0 = pi-

Finally, we wish to point out that better results can be ob-
tained for a fixed number of stored gains by reducing the
number of measurements and estimating the complete state.
This is illustrated in Fig. 3 where the performance of an opti-
mum 2 state variable filter using 10 measurements, spaced 20
sec apart, is shown to be superior to that of the stagewise
optimum range only filter using 20 measurements 10 sec apart
(both cases requiring 20 stored gains.)

IV. Conclusions

In conclusion, it can be stated that the selection of a good
limited state filter will require a careful statement of the con-
straints and measure of goodness to be employed. Further
work is needed in this important area: to adequately explain
some of the results reported here, to obtain possible analytical
solutions, and to make a more general study of the penalties

in performance that can result from using limited state re-
cursive estimators.

$ The Kalman filter is sometimes “derived” as a superposition
of single stage filters. This is valid only when the problem is
formulated in the required Markov form.
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Inclination of Pressure Orifices in
Low-Density Flow
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1. Introduction

N important problem in rarefied gas dynamics is the
interpretation given to the pressure measured in a cavity

that is vented to the surface through an orifice. It has been
found that the cavity pressure can differ markedly from the
gas pressure when the temperatures of the cavity and the gas
are different, and when the molecular mean free path is com-
parable to the orifice diameter. This is the so called “Orifice
Effect.” Previous investigators'=® have shown the de-
pendence of this effect on orifice diameter and offer semi-
empirical orifice-correction schemes that combine theoretical

- evaluation of the free molecule limit and correlated experi-

mental data for the transitional flow regime. Recent experi-
mental investigations® have shown a relationship between
cavity pressure and orifice depth. For the first time the
influence of the inclination angle of a pressure tube on the
cavity pressure is shown in this Note.

2, Experiments

Experiments were performed with a cooled flat plate model
in the hypersonic low-density wind tunnel of the DFVLR
Gottingen.” The investigation was carried out at Mach
numbers of 10 and 20. The freestream Reynolds numbers
were in the range 300-1600/cm. The model has a row of nine
pressure sampling points parallel to the leading edge. The
outside holes, and the center one, were drilled perpendicular
to the model surface. The others were inclined at angles be-
tween 30° and 80° relative to the leading edge.

3. Results

The static pressure distribution across the model was de-
termined from measurements at the points where the holes
are normal to the surface. This provides a reference pressure
p, for each sampling point. The measured pressure pn
normalized with the local reference pressure p; is plotted in
Fig. 1 vs the angle of inclination 8. The experimental data
show that p./p, is a function of 8 and Reynolds number Re.
The influence of 8 decreases with increasing Re.

In Fig. 2, pn/pr is plotted vs Re for a certain inelination
angle 8. The extrapolation through the set of the experi-
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